Abstract. Progress in computer hardware and improvement of numerical methods made solution of the Boltzmann equation for rather complex gas dynamic problems real. The method developed by the author is based on a projection technique for evaluation of the collision operator. The computed collision integral is conservative by density, impulse, and energy, and became equal to zero when the solution has a form of the Maxwellian distribution. The later feature sharply increases its efficiency, especially for the near equilibrium flows. The method is extended on a mixture of gases and the gases with internal degrees of freedom, where it can incorporate real physical parameters of molecular potential and of internal energy spectrum. Examples of computations for a range of Mach and Knudsen numbers are presented.
INTRODUCTION
Solution of the Boltzmann equation was initiated by Nordsieck's group in Illinois, USA nearly 40 years ago when first big computers have appeared [1] . In this method velocity space was divided by equal cells, and collision integrals were evaluated by simulating of molecular collisions with randomly chosen velocity vectors. Then computed mean values per a cell were attributed to the middle points of the cells, and the obtained system of equations was solved by an iterative method. A few years later another method in which the collision integrals were evaluated directly at the nodes of the grid in the velocity space by Monte Carlo technique was developed by the author of this paper [2] , Very soon the main deficiency of both approaches -non-fulfillment of conservation laws in the computed integrals -became evident. In [3] , a splitting finite-difference scheme for the kinetic equation has been proposed, and then a special correction was developed to satisfy the conservation laws at the relaxation stage [4] . The new method showed itself much more efficient then that of [2] , but the correction introduced some additional numerical viscosity, and required artificial assumptions in the case of gas mixtures [5, 6] . The next step in the development of conservative methods has been made after construction of a Discrete Velocity Model [7] . In this model molecular velocities are given at a uniform Cartesian lattice and impact parameters of a molecular collision are such that post collision velocities belong to the same grid. Therefore, it imposes a restriction on impact parameters, which are independent in the true Boltzmann equation. Based on a similar idea, conservative methods for the Boltzmann collision integrals have been proposed [8, 9] .
The conservative method without any selection of impact parameters has been developed by the author [10, 11] . It was then improved and adopted for computing near equilibrium flows [12, 13] , extended to gas mixtures [14] , and gases with internal degrees of freedom [15] . The main features of the method are described bellow.
NUMERICAL METHOD

Consider the Boltzmann equation
It is solved at a grid of 7V 0 equidistant nodes £ with a step h confined in a domain O of a volume V . On the basis of Dirac's 8-functions, the distribution function and the collision integral can be presented in a form (1) 
Evaluation Of The Collision Integral
Let us write the Boltzmann collision integral for a mono atomic gas, omitting the variables x and t , in a form 
3) The integral possesses the following properties that should be taken into account
[ ] 0
The condition (4) leads to correct hydrodynamic equations, and the fulfillment of (5) by a numerical method increases the accuracy of the method in near equilibrium regimes where the solution is close to a Maxwellian.
The collision integral at a point 
First Version: Conservative Method With Exact Asymptotic
Let us replace the two last δ -functions in ( ) E E E ≤ < , or 
The integral (6) 
In this method the conditions (4) and (5) are fulfilled exactly for each contribution in the sum.
Second Version: Conservative Method Without Interpolation
Divide the integral (6) into two parts: the one containing * ff , which gives the contribution of "direct" collisions, and that with ' ' * f f , which describes "inverse" collisions. In the first part, we apply the same projection function ( ) γ φ ξ . In the second part, we replace the kernel by
The coefficient * r ν is found from the energy conservation law that gives
/[ . The collision integral has the form 
In this version, the condition (5) is fulfilled with the accuracy of the order of ( ) O h for each contribution to the integral (9) . The accuracy for the whole integral tends to 
Extension For Gas Mixtures And Inelastic Collisions
A transformation of the collision integral in impulse space
is sufficient for extension of the method for a mixture of gases [10, 11] . Although the scheme of Figure 1 is no more valid, the post collision The formulae for the collision integral (8) and (9), as well as the expressions of the splitting coefficients r and * r through the energies remain the same. The realization of the method for a binary gas mixture has been done in [14] . The case of inelastic collisions in a gas with internal degrees of freedom was considered in [15] in the framework of Wang Chang -Uhlenbeck kinetic equation [17] 2 , , 0 0
Here kl ij P is a probability of transition from the energy levels (i, j) to (k, l), and i f is the velocity distribution function for the level i. In impulse space, kinetic equations for binary reacting mixtures have the same form.
Finite-Difference Scheme
The set of 0 N equations (2) is solved by the splitting method with a time step The equation (11) is approximated by a second order explicit flux conservative scheme. To make the splitting scheme symmetric, the solution of (11) is repeated twice at a half-interval ofτ that improves the accuracy and permits to attenuate the Courant condition. For the equation (12), different methods, including second order predictor-corrector scheme, and solution of an integral equation were tested. The last scheme is written in the form 
EXAMPLES OF COMPUTATIONS
Selected examples bellow illustrate the performance of the approach for different ranges of physical parameters, rather than study in details particular gas flows. To avoid unnecessary complications, simple geometries of the flow are considered. In all cases, boundary conditions at the surface are formulated as perfect accommodation with reflected Maxwellian function. The computations are made on a 2.6 Ghz Pentium-4 PC.
Near Equilibrium and Low Speed Flows
This case is the mast favorable for application of the developed method by two reasons. First, the solution in this case is close to a Maxwellian function, and therefore its principal part is evaluated exactly in the collision integral. Second, the needed area of the velocity space is relatively small that permits using a small number of velocity grid nodes 0 N .
FIGURE 2. Low Speed Flow Along a Plate
In Figure 2 , the transversal velocity in units of 
Hypersonic Flows
Consider now the opposite case of big gradients and high deviations from the thermodynamic equilibrium state. In Figure 4 , the density and temperature fields for a 2D flow of a hard-sphere gas are presented along a cold plane plate for M=10 and Kn=0.01. The plate is located along the x axis with the leading edge at x=0. All The computation is made with 5400 nodes in configuration space, 2808 nodes in velocity space, with total memory usage of about 120 MB, and CPU time about 3h. The test computation with 5768 velocity nodes gave practically the same result with maximal deviations of local heat and drag at the plate of 6%. In Figure 5 , the normalized by 3 0 / 2 u energy flux to the plate is presented for two molecular models. For correct computation of aerodynamic reactions, variable mesh in x and y directions were used. The mesh size along the y axis near the plate and along the x axis near the edges of the plate were equal to about 0.2 of the m.f.p.
In Figure 6 , the density along the symmetry line is shown for a 2D planar flow around an orthogonal thin plate with the frontal side temperature 
Gas Flows With Internal Degrees of Freedom
As an example of gas flows with internal degrees of freedom consider a shock wave structure in Nitrogen at room temperature for M=2, for which it exists experimental data [18] . The data of rotational spectrum and the LennardJones potential for Nitrogen were taken from [19, 20] , and the R-T cross sections are from [21, 22] . In Figure 7 , the normalized translational, rotational, and longitudinal temperatures are shown. In Figure 8 , the degenerated rotational spectrum (populations of the levels) at 5 positions is reported, including equilibrium spectrum before the shock wave at x=-12, and behind the wave at x=12. Figure 9 presents the comparison of computed and experimental densities. The computations were made for 35 degenerated energy levels and require about 32 MB of memory.
